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SUMMARY
The physics of wave propagation in stress-free isotropic and anisotropic bulk
media is well understood and can be adequately described using theory based on linear
stress-strain relationships. However, this formulation is inadequate to describe wave
propagation in pre-stressed or loaded bulk media because the small non-linearities
in the stress-strain relationships become significant. Acoustoelasticity refers to the
stress dependence of acoustic wave velocities in bulk elastic media and its theory is
well developed. The acoustoelastic effect is a result of the nonlinearity in the stress
strain constitutive relation and the variation of density under elastic deformation. In
this thesis the theory of acoustoelasticity is reviewed and relations for the specific
case of a biaxially stressed, hyperelastic, isotropic material with assumptions of small
predeformation and small incremental wave motion are derived. These relations allow
the prediction of changes in wave speeds of bulk waves under the influence of stresses.
Introducing boundary conditions to construct a medium such as a plate gives
rise to guided waves called Lamb waves. Existing theory for materials of mono-
clinic symmetry view Lamb waves as a composition of bulk waves reflecting between
the boundaries of the plate. Using knowledge of effects of acoustoelasticity on bulk
waves, theory is developed herein to understand the characteristics of Lamb waves in
the presence of initial stresses. An approximate method using effective elastic con-
stants (EECs) is also presented. A numerical method to generate dispersion curves
is developed, which allows comparison between theory and EECs. In addition, the
theory has been verified using experimental data obtained from an aluminum plate
under uniaxial stress. Finally, a ray tracing model is used to compare the change in
pulse shape under the effects of applied stress using the two methods as this is key
xii
to applications in structural health monitoring and nondestructive evaluation.
The specific contributions of this thesis are:
1. Computation of acoustoelastic constants and the incremental stress-stain rela-
tionship for a biaxially stressed, hyperelastic, isotropic material with assump-
tions of small homogeneous pre-deformation and small incremental wave motion.
2. Development of theory for acoustoelastic Lamb waves using these acoustoelastic
constants and the incremental stress-stain relationship.
3. Approximate characterization of acoustoelastic Lamb wave propagation using
EECs for the case of uniaxial loads.
4. Validation of theory using previously acquired experimental data (experimental
work was not a part of this thesis).
5. Numerical methods that enable comparison of dispersion curves and predicted
pulse shapes between theory and EECs.
xiii
CHAPTER I
INTRODUCTION AND LITERATURE REVIEW
The theory of wave propagation in stress-free solids is well developed and dates back
to the early 1800s with the discovery of dynamical equations and waves in solids
by Cauchy and Poisson [1]. The linear theory of elasticity is based upon a linear
approximation of the relation between stress and strain along with the assumption
of small deformations. Although this theory does not give an exact description of
dynamics, it does provide a very useful solution that is applicable as long as the
assumptions are valid. This linear theory is the subject of many classic texts on wave
propagation in solids [2, 3, 4, 1].
Presented in the following sections is a brief review of wave propagation in isotropic
and anisotropic stress-free materials. This theory is essential to the development of
the theory of wave propagation in stressed plates developed in later sections.
1.1 Physics of Wave Propagation in Isotropic Materials
The equations that govern dynamics for an isotropic material with Lamé constants λ
and µ are the stress equation of motion [2, 5]
σij,j + ρfi = ρüi, (1)
Hooke’s law
σij = λϵkkδij + 2µϵij, (2)




(ui,j + uj,i), (3)
where σ is the Cauchy stress tensor, ϵ is the strain tensor, ρ is the material density,
δij is the Kronecker delta function, and u can represent the displacement in either
1
the material or spatial descriptions of the system. These descriptions are equivalent
under the assumptions used for linearization of the equations of elastodynamics [2].
The external forces on the material particles are represented by f and are assumed
to be zero. We use the standard Einstein’s indical notation in this and all equations
that follow. The second order derivative of u with respect to time is represented by
ü.
Combining these equations in terms of the displacement u yields the equation of
elastodynamics for isotropic materials,
µui,jj + (λ+ µ)uj,ji + ρfi = ρüi. (4)
1.1.1 Bulk Waves in Unbounded Isotropic Media
It can be shown using Helmholtz decomposition that the displacement field u decom-
poses into two independent vector fields for the simple case of isotropic symmetry
and 2-dimensional wave propagation (plane-wave assumption) [5]. These two fields











for the shear wave, where ũ is the displacement along a direction perpendicular to
the direction of propagation. The equations above describe two different types of
waves that can travel in the bulk medium (in any given direction) with velocities
that are a function of material properties. Longitudinal waves travel with a velocity








. These velocities are
independent of direction of propagation.
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1.1.2 Waves in Isotropic Plates
The theory for guided waves in plates was developed by Rayleigh and Lamb in 1888.
The set of differential equations that govern waves in bulk media with additional
boundary conditions can describe waves propagating in half-spaces, plates, cylindrical
shells and other bounded media. Depending on the specific boundary conditions,
different wave types may dominate in the system. A single free boundary gives rise to
Rayleigh waves, while Love waves may propagate in a layer on a elastic half space. A
plate like structure with two free boundaries gives rise to Lamb waves, which are also
known as Rayleigh-Lamb waves or generalized Rayleigh waves. Only Lamb waves
will be discussed in this dissertation.
1.1.2.1 Rayleigh-Lamb Waves
In the literature, there are two methods used to characterize waves that propagate in
plates [2][5]:
1. The method of potentials where the displacement field is decomposed via
Helmholtz decomposition into divergence-free and curl-free vector fields that
are uncoupled for simple materials. “The usefulness of this method is restricted
to isotropic plates” [5].
2. The partial wave technique where wave propagation in plates is considered
as a combination of bulk waves that are reflecting between the boundaries of
the plate. This method provides insight into the physical nature of the Lamb
waves.
1.1.2.2 Dispersion Relations Using the Partial Wave Technique
A derivation of dispersion relations using the method of potentials is available in Ref.
[1]. Presented in this section is a derivation using the partial wave technique, which
will be useful for generalization to anisotropic and stressed plates presented in the
3
following sections. Consider an infinite plate of thickness d with its normal vectors
aligned with the x3 axis of a reference Cartesian coordinate system (x1, x2, x3). The




where u is the particle displacement vector, U is the amplitude of displacement, ξ is
the wave-number along the x1 direction, α is the ratio of the wave-numbers in the x3
direction to that along x1, and c is the velocity of the wave along x1. This general form
represents plane waves traveling in the x1−x3 plane with a x1 velocity component of
c. Only bulk waves whose velocity component along x1 is c can participate to satisfy
the boundary conditions [5].
If we can show that these are valid solutions to the equation of elastodynamics
(Eq. (4)) and satisfy the free boundary conditions, the uniqueness theorem then
guarantees that this is the only solution [2]. This approach will also allow us to find
relations between the frequency and velocity of the guided wave.
Substituting the general form from Eq. (7) into the equation of elastodynamics
(Eq. (4)) yields the following set of equations:
−λ− (2 + α2)µ+ c2ρ 0 −α(λ+ µ)
0 − (1 + α2)µ+ c2ρ 0








The relation above shows that the displacements in the x2 direction are independent
of the displacements in the x1 and x3 directions. This is a result of the fact that
the reflection of SV and L waves at a free boundary in isotropic media produce only
SV and L waves. On the other hand SH waves produce only other SH waves at a
free boundary. Guided wave modes created by the superposition of SV and L will be







L Waves SV Waves
(b) L and SV waves.
Figure 1: Partial waves and coordinate system [5].
For non-zero displacement amplitudes, the determinant of the 3× 3 matrix in Eq.




µ− c2ρ = 0 (9)
corresponding to the SH waves (with solutions α1, α2), and
((1 + α2)µ− c2ρ)((1 + α2)(λ+ 2µ)− c2ρ) = 0 (10)
corresponding to the possible L and SV waves (with solutions α3, α4, α5 and α6).
Equations (9) and (10) show that there are six possible solutions (αi) of plane-bulk
waves that can participate in creating a guided wave that travels with a velocity c
along the x1 direction. Writing the total displacement due to these six solutions and
5
calculating the stresses using Eqs. (2) and (3) yields
{u1, u2, u3} =
2∑
q=1
{0, 1, 0}U2qeiξ(x1+αqx3−ct), (11)
{σ13, σ23, σ33} =
2∑
q=1
iξ{0, µαq, 0}U2qeiξ(x1+αqx3−ct) (12)
for the SH waves, and
{u1, u2, u3} =
6∑
q=3
{1, 0, R(αq)}U1qeiξ(x1+αqx3−ct), (13)
{σ33, σ13, σ23} =
6∑
q=3
iξ{D1q, D2q, D3q}U1qeiξ(x1+αqx3−ct) (14)
for SV and L waves. The solutions corresponding to the SH waves are α1 and α2
while α3 through α6 are solutions corresponding to the SV and L waves. R(αq)
represents the ratio of displacements U3q/U1q and Dnq are the amplitudes of stresses
corresponding to these displacements and are given by the following relations:









obtained from Eq. (8).
Applying stress free boundary conditions, i.e., setting σ13, σ23 and σ33 to zero at











 = 0 (17)
for SH waves and
D13E3 D14E4 D15E5 D16E6
D33E3 D34E4 D35E5 D36E6
D13Ẽ3 D14Ẽ4 D15Ẽ5 D16Ẽ6










for SV and L waves, where Eq = e
iξαqd/2 and Ẽq = e
−iξαqd/2. It should be noted that
Eqs. (9) and (10) have the following solutions:



























To find non-trivial solutions for the displacement amplitudes Unq, both of the deter-
minants of matrices in Eqs. (17) and (18) should go to zero. Using the symmetries
in αq presented above with some trigonometric reduction, we obtain the following
equations:
sin(dξα3) = 0 (22)










) = − 4α3α5
(−1 + α23) 2
(23)










) = −(−1 + α23) 2
4α3α5
(24)
corresponding to the antisymmetric modes. Substituting p = ξα3, q = ξα5 and




2 − (kh)2 (25)






















corresponding to the antisymmetric modes. The SH modes are obtained by iterating
n over 0,1,2...etc. The equations above are essentially relations between wave-velocity
(c), wave-number (ξ) and frequency (ω = cξ). They characterize wave propagation
in an isotropic plate with parameters cL, cT and d. Dispersion curves are a plot of
these wave number-frequency relations. Curves for aluminum 7075 with nominal
parameters listed in Table 1 are presented in Figures 2, 3 and 4. The plots show that
there are an infinite number of continuous curves in the K − ω plane that constitute
the set of possible solutions to the Rayleigh-Lamb equations. Each of these lines
is referred to as a mode. At any given time, there may be any number of modes
propagating in the plate and all but the SH0 mode are dispersive, i.e., the velocity of
wave is dependent on its temporal frequency.
1.2 Wave Propagation in Anisotropic Materials
The equations that govern dynamics for anisotropic materials [2] [5] are the stress
equations of motion
σij,j + ρfi = ρüi, (28)
8


























Figure 2: Symmetric modes for aluminum 7075 plate of thickness 6.35 mm.

























Figure 3: Antisymmetric modes for aluminum 7075 plate of thickness 6.35 mm.
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SH1 SH2 SH3 SH4 SH5 SH6
Figure 4: SH modes for aluminum 7075 plate of thickness 6.35 mm.
the tensor form of Hooke’s law based on the assumptions of linear elasticity
σij = Cijklϵij, (29)




(ui,j + uj,i). (30)
where σ is the Cauchy stress tensor, ϵ is the infinitesimal or Cauchy strain tensor,
ρ is the material density, Cijkl are the coefficients of the stiffness tensor, and u can
represent the displacement in either the material or spatial descriptions of the system.
These systems are equivalent under the assumptions used for linearization [2]. The
external forces on the material particles are represented by f and are assumed to be
zero. The second derivative of u with respect to time is represented by ü.
Also, it can be shown using conservation of angular momentum and arguments
from thermodynamics that the tensors have the following symmetries [6, Section
10
3.2.8]:
σij = σji, (31)
ϵij = ϵji, (32)
Cijkl = Cijlk = Cjikl = Cklij. (33)
Combining the equations above results in the equation of elastodynamics for anisotropic
materials
Cijkluk,jl = ρüi. (34)
This equation represents a system of three coupled equations for displacements u1,
u2 and u3.
The symmetries in Eq. (33) also allow us to compactly represent the stiffness
tensor using the Voigt notation. Pairs of first two and second two subscripts are
collapsed using the following rule 11 → 1, 22 → 2, 33 → 3, 23 → 4, 13 → 5, 12
→ 6. This notation allows us to represent elements of the tensor Cijkl as elements
of a matrix Cmn. Following are matrices corresponding to different types of material
symmetries [5] [7]. Since the stiffness matrices are symmetric, only the elements above
the principle diagonal of the matrix are listed.
C11 C12 C13 C14 C15 C16
C22 C23 C24 C25 C26










C11 C12 C13 0 C15 0
C22 C23 0 C25 0









C11 C12 C12 0 0 0
C11 C12 0 0 0
C11 0 0 0
1
2
(C11 − C12) 0 0
1
2






2 Constants C11 = λ+ 2µ and C12 = λ
(37)
1.2.1 Bulk Waves in Unbounded Anisotropic Media
In Section 1.1.1 Helmholtz decomposition was used to show that there are two inde-
pendent types of wave propagation if the material is isotropic. Helmholtz decompo-
sition is in general not possible for anisotropic materials because there is a coupling
between shear and longitudinal motion. Following the developments in Rose and




where u is the particle displacement vector, Ai = Aαi, A is the amplitude of dis-
placement, α is a unit-vector that represents the direction of particle displacement,
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k is the wave number vector and ω is the angular frequency. All quantities are with
respect to the standard Cartesian frame of reference (x1, x2, x3). This plane harmonic
solution must satisfy the equations of motion and substituting Eq. (38) into Eq. (34)
results in the Christoffel equation:
(Γim − ρc2δim)um = 0, (39)
where Γim = Ciklmnknl. The Christoffel acoustic tensor is represented by Γ, nk and nl
are the direction cosines of the normal to the wavefront, i.e., kp = |k|np, and c = ω/k
is the phase velocity. For any non-trivial solution i.e., non-zero displacements, the
determinant of the coefficient matrix in the expression above must go to zero,
|Γim − ρc2δim| = 0. (40)
This equation is essentially a relation between the material properties, the direction of
wave propagation and the velocity of the wave. It is evident that unlike the isotropic
case in Section 1.1.1, the velocities are now a function of direction of propagation.
Also, the particle displacements are not necessarily perpendicular or parallel to the
direction of propagation.
1.2.2 Waves in Anisotropic Plates
Dispersion relations for materials of monoclinic and higher symmetry have been de-
rived in an important paper by Nayfeh and Chimenti [9]. Presented here is a brief
description of the derivation and a numerical method to find the dispersion curves.
The theory for stressed plates in later sections is based upon ideas from this deriva-
tion.
1.2.2.1 Derivation for a Generally Anisotropic Plate
Consider an infinite anisotropic plate of triclinic symmetry having thickness d whose




















3) as shown in Figure 5. Symbols of all quantities belonging to this system
of reference are primed. The mid-plane of the plate is chosen to coincide with the
x′1−x′2 plane. To study the propagation of plane waves in the plate along a direction
that makes an arbitrary azimuthal angle ϕ with the x′1-axis, we conduct our anal-
ysis in a transformed coordinate system xi formed by a rotation of the orthogonal
reference axes x′1, x
′
2 about the x
′
3 direction through this angle ϕ. This coordinate




where β is a rotation matrix and βij is the cosine of the angle between the xi and x
′
j











We will work only in the rotated (unprimed) coordinate system. All quantities from
this point on are in this system. Consider again, a solution with the form of harmonic
waves. All possible harmonic waves must have wave number vectors that are in the
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x1 − x3 plane and travel with the same velocity with respect to the x1 axis. For




Substituting this equation in the equation of elastodynamics (Eq. (34)) gives a form
of the Christoffel equations:
Kmn(α)Un = 0. (46)
The coefficients of the matrix K using the contracted Voigt notation are given by:
K11 = C11 − ρc2 + 2C15α+ C55α2,
K12 = C16 + (C14 + C56)α+ C45α
2,
K13 = C15 + (C13 + C55)α+ C35α
2,
K22 = C66 − ρc2 + 2C46α+ C44α2,
K23 = C56 + (C36 + C45)α+ C34α
2,
K33 = C55 − ρc2 + 2C35α+ C33α2.
(47)
For existence of non-trivial solutions, the determinant of K must go to zero as noted
in Section 1.2.1. This produces a 6th order equation in α with six solutions αq,







2 + P1α+ P0 = 0, (48)
where the coefficients (not given here) are a function of material properties and ve-
locity of propagation of the guided wave c. Using Eq. (46), displacement ratios











Using V and W as defined above with stress strain relations in Eq. (29), we can write
the total displacements and stresses by superposition as
{u1, u2, u3} =
6∑
q=3
{1, V (αq),W (αq)}U1qeiξ(x1+αqx3−ct),





The stress amplitudes Dmn are given by:
D1q = [C13 + αqC35 + (C36 + αqC34)Vq + (C35 + αqC33)Wq],
D2q = [C15 + αqC55 + (C56 + αqC45)Vq + (C55 + αqC35)Wq],
D3q = [C14 + αqC45 + (C46 + αqC44)Vq + (C45 + αqC34)Wq].
(52)
Applying stress free boundary conditions, i.e., setting σ13, σ23 and σ33 to zero at
x3 = d/2 and x3 = −d/2 results in six equations relating displacement amplitudes
U11, U12, ... , U16 whose determinant of coefficients must go to zero for nontrivial
solutions. ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
D11E1 D12E2 D13E3 D14E4 D15E5 D16E6
D21E1 D22E2 D23E3 D24E4 D25E5 D26E6
D31E1 D32E2 D33E3 D34E4 D35E5 D36E6
D11Ẽ1 D12Ẽ2 D13Ẽ3 D14Ẽ4 D15Ẽ5 D16Ẽ6
D21Ẽ1 D22Ẽ2 D23Ẽ3 D24Ẽ4 D25Ẽ5 D26Ẽ6
D31Ẽ1 D32Ẽ2 D33Ẽ3 D34Ẽ4 D35Ẽ5 D36Ẽ6
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0 (53)
where Eq = e
iξαqd/2 and Ẽq = e
−iξαqd/2. The values of α are in general complex,
which means the determinant is complex valued. Solving for the values of ξ and c
that satisfy Eq. (53) can be a difficult numerical problem.
1.2.2.2 Special Case of Monoclinic Symmetry
If the material has monoclinic or higher symmetry, we can show that Eq. (53) decou-
ples into a much simpler form that is numerically tractable and offers some insight
into wave propagation in the plate. Starting with the assumption that the plane
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of mirror symmetry of this material is placed parallel to the plane of the plate, the
following constants go to zero for all azimuthal angles:
C14 = C24 = C34 = C15 = C25 = C35 = C46 = C56 = 0. (54)
This reduction in terms simplifies Eqs. (47) and (48), resulting in symmetry properties
that will help break down the determinant in Eq. (53). Equation (47) now becomes:
K11 = C11 − ρc2 + C55α2,
K12 = C16 + C45α
2,
K13 = (C13 + C55)α,
K22 = C66 − ρc2 + C44α2,
K23 = (C36 + C45)α,
K33 = C55 − ρc2 + C33α2.
(55)




2 + P0 = 0, (56)
where the coefficients are listed in Appendix (A.1). This simplification results in six
solutions with the following properties:
α2 = −α1, α4 = −α3, α6 = −α5. (57)
Futher, the stress amplitudes Dmn are now given by:
D1q = C13 + C36Vq + C33αqWq,
D2q = C55(αq +Wq) + C45αqVq,
D3q = C45(αq +Wq) + C44αqVq.
(58)
Incorporating Eq. (57) into Eqs. (49), (50) and (55) leads to the following symmetries:
Vj+1 = Vj, Wj+1 = −Wj. (59)
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Incorporating Eqs. (57) and (59) into Eq. (58) leads to
D1j+1 = D1j, D2j+1 = −D2j, D3j+1 = −D3j. (60)
Applying row-column operations to the determinant of Eq. (52) in the presence of
these symmetries allow us to decouple the determinant into two equations consisting
of trigonometric functions. These equations are
fs = D11G1 cot(γα1) +D13G3 cot(γα3) +D15G5 cot(γα5) = 0 (61)
for the symmetric modes and,
fa = D11G1 tan(γα1) +D13G3 tan(γα3) +D15G5 tan(γα5) = 0 (62)
for the antisymmetric modes, where
G1 = D23D35 −D33D25,
G3 = D31D25 −D21D35,









These are expressions that relate the guided wave velocity c to the wavelength ξ and
describe entirely the dispersive behaviour of any wave as it propagates through the
plate. It can be shown that these equations can under restricted conditions be applied
to materials with higher symmetry (orthotropic, transversely isotropic etc.), however,
this is beyond the scope of this dissertation.
1.2.2.3 Numerical Solution
Equations (61) and (62) look deceptivesly simple. Several numerical considerations
have to be made in order to solve these equations to obtain dispersion curves. Com-
mercial tools [12] are available to generate dispersion curves for anisotropic materials,
however these only work for stress-free materials of orthotropic and higher symme-
tries. A numerical method was developed to solve dispersion equations for materials
18
Table 2: Material constants for a transversely isotropic (graphite-epoxy) material.
Parameter Value
C ′11 155.6 GPa
C ′12 3.7 GPa
C ′13 3.7 GPa
C ′22 15.95 GPa
C ′23 4.33 GPa
C ′33 15.95 GPa
C ′44 5.81 GPa
C ′55 7.46 GPa
C ′66 7.46 GPa
ρ 1600 kg/m3
of monoclinic symmetry and later augmented to solve the equations for the case of
biaxially stressed isotropic materials discussed in later sections. The similarity be-
tween the two cases is a result of the fact that the final expressions for both cases
have the same canonical form (although the expressions for Ds, Gs etc. are different)
and a description of the numerical method will be omitted here to avoid repetition
(see Section 5.3 for details).
1.2.2.4 Dispersion Curves
A few examples of dispersion curves are presented here for materials with different
symmetries. The curves are represented by black lines against a color-map of the
function log |fs| (Eq. (61)) for symmetric modes and log |fa| (Eq. (62)) for antisym-
metric modes. Figures 6 and 7 present dispersion curves for a transversely isotropic
19





























Figure 6: Symmetric modes for a transversely isotropic (graphite-epoxy) plate of
thickness 6.35 mm at ϕ = 45◦.





























Figure 7: Antisymmetric modes for a transversely isotropic (graphite-epoxy) plate of
thickness 6.35 mm at ϕ = 45◦.
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Table 3: Material constants for an orthotropic (fictitious) material.
Parameter Value
C ′11 128 GPa
C ′12 7 GPa
C ′13 6 GPa
C ′22 72 GPa
C ′23 5 GPa
C ′33 32 GPa
C ′44 18 GPa
C ′55 12.25 GPa
C ′66 8 GPa
ρ 2000 kg/m3
21






























Figure 8: Symmetric modes for a fictitious orthotropic plate of thickness 6.35 mm at
ϕ = 45◦.





























Figure 9: Antisymmetric modes for a fictitious orthotropic plate of thickness 6.35 mm
at ϕ = 45◦.
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(graphite-epoxy) plate of thickness 6.35 mm with material constants presented in Ta-
ble 2. Figures 8 and 9 present dispersion curves for a orthotropic (fictitious) plate
of thickness 6.35 mm with material parameters presented in Table 3. All material
constants used in this section are the same as the ones used by Nayfeh and Chimenti
[9]. “They were selected to model materials of interest where values were readily
available”. All curves are continuous in the f − c plane, however, they appear dis-
continuous on the plots because of sudden changes in direction in some areas making
it difficult for the algorithm to determine the best way to connect the roots of fs and
fa. The results obtained agree with that of Nayfeh and Chimenti [9] and ones gener-





Acoustoelasticity is a nonlinear phenomenon of interest in ultrasonics because it ex-
plains changes in wave speed of bulk waves as a function of applied stress. This chapter
introduces and reviews the theory of acoustoelasticity in preparation for Chapter 3,
where equations for the specific case of biaxial load are derived.
2.1 Nonlinear Ultrasonics
As a result of the linear stress-strain model assumed throughout Chapter 1, the
relations between fields variables associated with the waves (displacement, strains,
stresses) were also linear. Linearity greatly simplifies the analysis of dynamics in the
material. However, these assumptions are only valid for media that are stress-free
and have small perturbations. Nonlinear ultrasonics involves the use of nonlinear
relations between field variables associated with ultrasonic waves and encompasses a
broader range of phenomena [13, 14, 15, 16, 17]. Phenomena of interest in literature
include acoustoelasticity, harmonic generation and finite amplitude effects [13]. Only
acoustoelasticity is of interest in this dissertation.
2.2 Third Order Elastic Constants
In Chapter 1 we used second order elastic constants λ and µ as parameters to describe
the linear stress-strain relation in an isotropic medium. For nonlinear characteriza-
tion, however we need additional third order elastic constants (TOECs). TOECs are
related to material anharmonicity and inter-atomic bonding forces that are inherently
nonlinear [18].
Following the development in References [19, 15], for hyperelastic materials, the
24











ijklmnEijEklEmn + ..., (64)
where E is the Lagrangian strain tensor and C(2),C(3) etc. are tensors of increasing






where T is the second Piola-Kirchhoff stress tensor. Combining Eqs. (64) and (65)





ijklmnEklEmn + .... (66)
As noted before, C
(2)
ijkl are the second order constants, which for isotropic materials
are given by
Cijkl = λδij + µ(δikδjl + δilδjk), (67)
where λ and µ are Lamé constants and δ is the Kronecker delta function given by
δij =
 1 if i = j0 if i ̸= j (68)
Cijklmn represent 729 third order elastic constants. Due to symmetry, this reduces
to 56 constants. Further, for isotropic materials, there are just three independent
constants [15]. The 6th order tensor Cijklmn for isotropic materials can be represented






















To summarize, Eq. (66) is the non-linear relation between stress and strain, and




Acoustoelasticity is the stress dependence of acoustic wave velocity in solid media.
The theory of acoustoelasticity was developed in 1953 by Hughes and Kelly [21] based
on the Murnaghan theory of finite deformations for predeformed but initially isotropic
solids. Acoustoelastic theory has since been generalized by Toupin and Berstein [19]
in 1961 and Thurston and Brugger in 1964 [22] to materials of arbitrary symmetry.
Acoustoelasticity has also been used extensively to study applied and residual stresses
[23, 24, 25, 26].
2.3.1 Equations of Motion
The theory of acoustoelasticity for bulk waves is well developed [21] [27] [28]. We use
some of the results from acoustoelasticity to describe the incremental stresses, strains
and displacements in stressed media. Following the derivations of Pao et al. [27],
coordinates of a material point in the natural, initial and final states are represented
by the position vectors ξ,X,x, respectively. Components of quantities referring to
the natural state are given by Greek subscripts, those referring to the initial state
are given by uppercase Roman subscripts, and those referring to the final state by
lowercase Roman subscripts. Thus ξα, XJ and xj are components of the position
vectors in the natural, initial and final systems, respectively.
As shown in Figure 10, the deformation from natural to the initial states is static
and the the displacement of the particles is denoted by ui. The displacements from
the natural to the final sates is represented by the vector uf . These are related to
the position vectors by
ui(ξ) = X − ξ, (71)
and
uf (ξ, t) = x− ξ. (72)
















Figure 10: Coordinates of a material point at natural (ξ), initial (X) and final (x)
configuration of a predeformed body [28].
to the final state,
u(ξ, t) = x−X = uf − ui. (73)


































If the superposed dynamic motion is small, i.e.,




αβ∥ ≪ ∥Eiαβ∥. (75)


























Stress tensors can be defined relative to different configurations. The Cauchy stress
tensor t, for example, describes the stresses relative to the present configuration while
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the Kirchhoff (or the second Piola-Kirchhoff) stress tensor T describes the stresses
relative to some reference configuration. These definitions allow us to write equations
with reference to one of three configurations that were mentioned before. Therefore
using the notation from the beginning of the section, the Kirchhoff stress components
at the initial state that refers to the natural coordinate system are T iαβ, which are
the force per unit predeformed area with an outernormal v as shown in Figure 10.
Similarly, components of the Kirchhoff stress tensor in the final state relative to
the undeformed configuration are represented by T fαβ. In general, different types of
stress tensors are related by deformation gradients and determinant of Jacobians.
However, in the presentation that follows, only Kirchhoff stress tensors relative to the
undeformed (or natural) state will be used. For details refer to [27] [16].













































The relation above is the equation of motion for the incremental displacement u(ξ, t)
in natural coordinates. However, a constitutive relation is also required to express
the stresses as a function of displacements. This is already available in Eq. (66).
Neglecting higher order terms in the expansion we have the following stress-strain
relations:































































ϵη + EγδEϵη)− EiγδEiϵη]







Under the assumption that the dynamic disturbance is small compared to the pre-
deformation, the second term inside the brackets can be neglected because it is a
product of two small quantities (see Eq. (75)). “To be consistent with the cubic
polynomial approximation of the strain energy function, the Lagrangian strains are
approximated by infinitesimal (or Cauchy) strain tensors” [27] to give




















































Plane waves can only propagate in homogeneous media because constant character-
istic wave speeds are required on the entire wavefront. However, from the equation
above we see that the wavespeeds change from point to point depending on the value of
initial stress ti and initial displacement gradient ∂ui/∂ξ. As a result these equations
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do not admit plate wave solutions unless these coefficients are constants with respect
to the three axis, i.e., ti and ∂ui/∂ξ are constant through out the body. In this









where the coefficients Aαβγδ, now spatially independent, are given by
Aαβγδ = T
i
βδδαγ + Γαβγδ. (88)
2.3.2 Bulk Waves
Linearization of the wave equation in the previous section now allows us to use a
method similar to the one presented in Section 1.2.1 to characterize bulk wave prop-
agation in a homogeneous medium in a uniform stress field. The stressed material is
not necessarily isotropic since an arbitrary uniform stress field can be applied. In gen-
eral this means that Helmoltz decomposition will not yield a direct solution. Starting
with a plane harmonic traveling wave solution of the form
uα = Aαe
i(kβξβ−ωt), (89)
where u is the particle displacement vector, Aα = Adα, A is the amplitude of dis-
placement, d is a unit-vector that represents the direction of particle displacement, k
is the wave vector and ω is the angular frequency. All quantities are with respect to
the standard Cartesian frame of reference (ξ1, ξ2, ξ3). Substituting Eq. (89) into Eq.
(87) gives us the Christoffel equation
(∆αδ − ρc2δαδ)uδ = 0, (90)
where ∆αδ = Aαβγδnβnγ. The acoustic tensor is represented by ∆, nβ and nγ are the
direction cosines of the normal to the wavefront, i.e., kα = |k|nα. For any non-trivial
solution such that the displacements are non-zero, the determinant of the coefficient
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matrix in the expression above must go to zero,
|∆αδ − ρc2δαδ| = 0. (91)
This is again a relation between the material properties, applied stresses, direction
of wave propagation and the velocity of the wave. It is evident that the velocities
are now a function of direction of propagation and the applied stress. Also, par-




ACOUSTOELASTIC CONSTANTS FOR ISOTROPIC
MEDIA WITH BIAXIAL INITIAL STRESS
In Chapter 2 a linear wave equation was obtained to represent dynamics for a homoge-
neous body under an uniform stress field. Since the case of interest in this dissertation
is that of biaxial initial stresses in a isotropic medium, equations of motion and stress
strain relations from Chapter 2 are specialized for this purpose.
3.1 Equations of Motion
Following the work of Muir [29], coefficients Aαβγδ in Eq. (87) for the specific case of
a biaxial load are derived. As the derivation will show, some of coefficients for this
case are zero and this has substantial implications in the theory for plate waves. For
the non-zero coefficients, it will provide us with expressions allowing us to perform
numerical computations.
First, Eq. (80) has to be modified for small predeformations. Under this assump-
tion, the strains are small and can be approximated by the Cauchy strain tensor.
Also product of two small stains in the second term can be neglected, producing the
following stress strain relation [28]:
T iαβ = Cαβγδe
i
γδ. (92)
Eq. (88) then becomes
Aαβγδ = Cβδλρe
i









For a medium with stresses σ11 along ξ1 and σ22 along ξ2 the Kirchhoff stress tensor
32

















C11 C12 C13 0 0 0
C21 C22 C23 0 0 0
C31 C32 C33 0 0 0
0 0 0 2C44 0 0
0 0 0 0 2C55 0











The multiplicative factors of 2 appear on the shear terms as a result of the conversion
from 4th other tensor to a matrix using Voight notation. C44 corresponds to 4 different
constants (C2323, C2332, C3223, C3232) while C11 corresponds to only C1111, etc. Inverting













































Eq. (93) can be re-written as
Aαβγδ = Cβδλρe
i







We now have everything needed to compute expressions for the A tensor from Eqs.
(67) and (96). For example, the expression for A1111 is
A1111 =
µ(λ+ 2µ)(3λ+ 2µ) + (2λ2 + 9λµ+ 4m(λ+ µ) + 2µ(l + 3µ))σ11
µ(3λ+ 2µ)
− (−2lµ+ λ(2m+ λ+ 2µ))σ22
µ(3λ+ 2µ)
(100)
The expressions for the remaining coefficients are listed in Appendix B.1. These
constants, along with Eq. (87), represent the acoustoelastic equations of motion for
biaxially loaded media.
3.2 Stress-Strain Relation
In this section we consider the incremental stress-strain relation. Starting with Eq.
(84),
Tαβ = CαβγδEγδ + Cαβγδϵηe
i
γδeϵη. (101)



































Using symmetries in the second and third order elastic constants, Cαβγδϵη = Cαβγδηϵ


























































The equation above is the relation between the incremental stresses and displace-
ments. It should be emphasised that the stress (T ) tensor and displacement (u)
vector in the equation above correspond to the incremental wave motion and do not
include the effects of static predeformation. The coefficients Bαβγδ are constant and
can be computed using Eqs. (67), (69) and (96). B1111, for example, is given by
B1111 =
2µ(λ+ 2µ)(3λ+ 2µ) + 2(2lµ+ (λ+ µ)(4m+ λ+ 2µ))σ11
2µ(3λ+ 2µ)




The remaining coefficients are listed in Appendix B.2.
It is important to note that since the relation is linear, the strain tensor ei, the
stress tensor T i, and the tensorsA andB all follow the rules of tensor rotation, which




DISPERSION CURVES USING EFFECTIVE ELASTIC
CONSTANTS
From symmetry considerations alone, it is expected that under a biaxial load the
propagation of Lamb waves in the plate will be anisotropic. However, the type of
anisotropy exhibited is important. In this chapter an attempt is made to draw paral-
lels between two cases: (1) a material with monoclinic symmetry and (2) an isotropic
material with a uniaxial stress applied in a direction parallel to the plane of the plate.
Since a numerical method for monoclinic materials has already been developed in
Section 1.2.2, similarities between the two cases would yield an approximate solution
for the case of isotropic plates under uniaxial stress. It will also enable the use of
existing commercial applications such as Disperse [12] to generate dispersion curves
for stressed plates.
4.1 Symmetry in the A Tensor
The equation of motion in anisotropic materials, Eq. (34), is analogous to the equation
of motion in a material under uniform stress, Eq. (87). The equations are exactly
the same, expect for the tensors C and A, which capture information about the
symmetry of the material. Also, it should be noted the the following symmetries of
the C tensor are integral to the theory for anisotropic materials in Section 1.2.2.
Cijkl = Cijlk = Cjikl = Cklij. (107)
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It allows us to use Voight notation to give the following representation of the stiffness
matrix for monoclinic materials with a ξ1 − ξ2 plane of symmetry [30, 5, 7]:
C11 C12 C13 0 C15 0
C22 C23 0 C25 0






It is shown in Section 1.2.2.2 that in a plate made of a monoclinic material where the
plane of monoclinic symmetry is parallel to the plane of the plate, bulk waves traveling
with opposing ξ3 wave numbers have the same velocity, giving rise to symmetric and
antisymmetric Lamb modes. The case of monoclinic symmetry is a more general case
of a material that is transversely isotropic about the ξ1 axis. The stiffness matrix for
this type of material is represented by [30, 5, 7]:
C11 C12 C12 0 0 0
C22 C23 0 0 0
C22 0 0 0
1
2





Also, a uniaxial load along the ξ1 axis is expected to result in wave propagation that is
symmetric about this axis. In other words the material is in some sense transversely
isotropic about the ξ1 axis. The symmetries in the A tensor using expressions from
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B.1 for a uniaxial load (σ22 = 0) are:
A11 A12 A12 0 0 0
A22 A23 0 0 0
A22 0 0 0
1
2





The form is exactly the same as that of the transversely isotropic material except that
the coefficients corresponding to A55 and A66 do not have unique values and each of
them splits into two values in the following fashion:
A
(1)
55 = A1313 = A3131 = µ+





55 = A1331 = A3113 = µ+





66 = A1212 = A2121 = µ+





66 = A2112 = A1221 = µ+




4.2 Selecting Effective Elastic Constants
From the similarities of a uniaxially loaded material to a transversely isotropic mate-
rial, a new tensorA′ can be constructed such that the degenerations in the coefficients
are avoided. In literature, these new constants are called the effective elastic constants
(EECs) [31] [32]. Further, this new tensor can be used with Eqs. (61) and (62) to
obtain dispersion curves for a stressed plate. However, these are transcendental equa-
tions and thus choosing appropriate values for the coefficients that split is analytically
infeasible.
It should also be noted that avoiding degenerations in constants of the stiffness
matrix by changing values in the corresponding 4th order tensor means that some
of the information contained in the stiffness tensor is lost. Also, the stress-strain
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relations for an unstressed transversely isotropic plate (Eq. (29)) are different from
those of a stressed plate (Eq. (105)), resulting in different analyses while applying
boundary conditions. As a result, this method is an approximation and is proposed
because (1) it simplifies the mathematics and (2) existing methods and tools used to
compute dispersion curves in anisotropic plates [12] can be used for new applications
involving stressed plates.




66 can be neglected
altogether, after which a classic second order formalism can be applied by replacing
the second order constants with EECs. “The perturbation linked to the presence of
residual or applied stress is fully integrated in the EEC”. In this treatment, however,


















We note that the difference is half the applied stress. The applied stress has to be
lower than the yield stress of the material to avoid plastic deformations. The yield
stress for aluminum, for example, is hundreds of MPa and is typically two orders
of magnitude lower than the material constants, which are of the order of tens of
GPa. An assumption of small applied stress is also consistent with the small strain
assumption in development of acoustoelastic theory in Chapter 3. This could indicate
that using either of the values may not have a significant effect on computation of
dispersion curves. Also, if we choose EEC A′55 = A
(1)
55 , then A
′
66 should be equal to
A
(1)
66 to retain transversely isotropic symmetry for the stiffness matrix in Eq. (109).











will be referred to as case II.
The derivation for monoclinic materials required the rotation of the stiffness ma-
trix to obtain dispersion curves at varying in-plane angles of propagation. Therefore,
before we proceed, the effect of rotation on the splits must also be considered. To
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derive dispersion relations, a rotation of the stiffness tensor about the ξ3 axis is re-
quired. Rotation of the A tensor produces additional split coefficients A44 and the
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after rotation through an angle ϕ, A
′ϕ




























This section presents dispersion curves generated using EECs with the numerical
method of Section 1.2.2.3. Material constants from Table 4 are used along with a
plate thickness of 6.35 mm and a uniaxial stress of σ11 = 120 MPa. The EECs were
generated by using the expressions for the A tensor in Appendix B.1 along with
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constants for the two cases from the previous section. All coefficients have units of
GPa.









105.91 54.513 54.513 0 0 0
108.24 55.065 0 0 0
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Figures 11 and 12 present dispersion curves for cases I and II listed in the previous
section for a uniaxial load of 120 MPa along the ξ1 direction and at an azimuthal
angle of ϕ = 45◦ (arbitrary selected).
4.3.2 Angle Dependence
The change of phase velocity with variation in angle of propagation is presented in
Figure 13. Angle dependence of phase velocity is expected as the applied stress field is
anisotropic. S1 curves using the EEC method have been plotted for an applied stress
of σ11 = 120 MPa, zoomed in to a frequency region of 600 kHz to match experiments
in later sections. The solid lines represent curves for case I, while the dashed lines
are that of case II. The trends for change in phase velocity with angle are the same
for both cases, however, there are noticeable changes in phase velocity at this scale
(about 2 m/s for the 40◦ case). It is difficult to justify remarks about the significance
of these changes without first considering the application for which these curves are
needed. Also, the difference in phase velocities vary between modes and frequency
regions of interest.
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Figure 11: Dispersion curves for a stressed aluminum plate generated using EECs
from case I with σ11 = 120 MPa and ϕ = 45
◦.
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Figure 12: Dispersion curves for a stressed aluminum plate generated using EECs
from case II with σ11 = 120 MPa and ϕ = 45
◦.
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Figure 13: Angle dependence of S1 mode dispersion curve generated using EECs for
σ11 = 120 MPa. Curves for case I are solid lines and case II are dashed lines.
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Figure 14: Stress dependence of S1 mode dispersion curve generated using EECs for
ϕ = 45◦. Curves for case I are solid lines and case II are dashed lines.
4.3.3 Stress Dependence
The stress dependence of phase velocities using the EEC method at an angle of
ϕ = 45◦ is presented in Figure 14. Curves for the S1 mode zoomed in to a frequency
region of 600 kHz are plotted to match experiments in later sections. The solid lines
represent curves for case I, while the dashed lines are that of case II. Just as was
the case for angle dependence, the trends for change in phase velocity with stress are
the same for both cases, however, there are noticeable changes in phase velocity at
this scale (about 2 m/s for the 120 MPa). Also, the magnitude of change in phase
velocities varies between modes and frequency regions of interest. A significant feature
of this plot is that the phase velocities seem to vary linearly with stress as they do
for acoustoelastic bulk waves.
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CHAPTER V
DISPERSION CURVES BASED ON ACOUSTOELASTIC
THEORY
As noted in Chapter 3, the presence of stress fields in isotropic media results in
a nonlinear wave equation and a nonlinear stress-strain relation. However, under
assumptions of a small homogeneous pre-deformation in a homogeneous medium, it
is possible to linearize both of these relations. Since the theory for Lamb waves in
unstressed media rely on the linearity of these relations, we can now ask if it is possible
to develop theory for Lamb waves in stressed media under these assumptions.
There are a few papers in the literature on generating dispersion curves for stressed
media. Lematre et al. [34] apply a full 4th order tensor approach to obtain dispersion
curves along the principle stress direction for uniaxial loading that also included
the piezoelectric effect. Considered here is a similar methodology that specifically
addresses an extension to an arbitrary direction of propagation under bi-axial loading.
This method requires modifying the work of Nayfeh and Chimenti [9] using the
full 4th order tensors A and B in the absence of symmetry that exists for C in
stress-free media. In particular, expressions for the bulk wave velocities have to be
found using the theory of acoustoelasticity in Chapter 2. These bulk wave velocities
allow expressions for plate wave velocities to be developed in terms of the constants
Aαβγδ and Bαβγδ.
5.1 Derivation
Consider an infinite isotropic plate having thickness d whose normal is aligned with








3) as shown in
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Figure 15: Plate coordinate system.





respectively (force per unit area with reference to the natural state). The mid-plane
of the plate is chosen to coincide with the x′1−x′2 plane. Since the stresses are expected
to make Lamb wave propagation in the plate anisotropic, to study the propagation
of plane waves along a direction that makes an arbitrary azimuthal angle ϕ with the
x′1-axis, we conduct our analysis in a transformed coordinate system xi formed by a
rotation of the orthogonal reference axes x′1, x
′
2 about the x
′
3 direction through the




where β is a rotation matrix and βij is the cosine of the angle between the xi and
x′j axis. Note that we will be working entirely in the natural system and Greek
subscripts used in Chapters 2 and 3 will be replaced with Roman letters for clarity of
presentation. All quantities (stresses, strains, displacements etc.) are in the natural
coordinate system and the natural coordinates of the material particles ξi are replaced
with xi. As we noted in Section 3.2 the stresses, strains and tensors A and B can be














Acoustoelastic Lamb wave propagation requires solving the wave equation for the
incremental displacements as given by Eq. (87) with a stress-strain relation given
by Eq. (105), A tensor given by Eq. (99), and subject to stress-free boundary
conditions. This problem differs from Lamb wave propagation in anisotropic media
in two regards: (1) the acoustic tensor A does not have the same symmetries as the
stiffness tensor C, and (2) the stress-strain relation is different, leading to different
analysis while evaluating the boundary condition.
Solutions in the form of harmonic waves are considered again. All possible har-
monic waves have a wave number vector in the same plane and travel with the same
velocity with respect to the x1 axis. The general form is
uj = Uje
iξ(x1+αx3−ct). (122)
Substituting this equation in the equation of motion (Eq. (87) gives a form of the
Christoffel equations:




2ρ0 − A1111 − α2A1313,
K12 = −A1112 − α2A1323,
K13 = −α(A1133 + A1331),
K21 = −A1112 − α2A1323,
K22 = c
2ρ0 − A1212 − α2A2323,
K23 = −α(A1233 + A1332),
K31 = −α(A1133 + A1331),
K32 = −α(A1233 + A1332),
K33 = c
2ρ0 − A1313 − α2A3333.
(124)
For existence of non-trivial solutions, |Kmn| must go to zero, which produces a 6th
order equation in α with six solutions αq, q = 1...6. Coefficients P5, P3, P1 in the 6
th




2 + P0 = 0, (125)
where the coefficients are listed in Appendix C.1. The six solutions to this equation
corresponding to the six possible partial waves (for a given guided wave velocity c)
have the following properties:
α2 = −α1, α4 = −α3 and α6 = −α5. (126)











where again the index q goes from 1 to 6 and corresponds to the six different partial
waves that can exist for the given c. Using V and W as defined above, the total
displacements can be written as
{u1, u2, u3} =
6∑
q=1
{1, V (αq),W (αq)}U1qeiξ(x1+αqx3−ct). (129)
Using the stress-displacement relations in Eq. (105) and superposition the stresses
are
{T33, T13, T23} =
6∑
q=1
iξ{D1q, D2q, D3q}U1qeiξ(x1+αqx3−ct), (130)
where
D1q = B3311 +B3312Vq + αqB3333Wq,
D2q = αq(B1313 +B1323Vq) +B1331Wq,
D3q = αq(B1323 +B2323Vq) +B1332Wq.
(131)
Applying stress free boundary conditions, i.e., setting T13, T23 and T33 to zero at
x3 = d/2 and x3 = −d/2, gives us six equations relating amplitudes U11, U12, ... , U16
of the bulk waves, whose determinant of coefficients must go to zero for nontrivial
solutions. ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
D11E1 D12E2 D13E3 D14E4 D15E5 D16E6
D21E1 D22E2 D23E3 D24E4 D25E5 D26E6
D31E1 D32E2 D33E3 D34E4 D35E5 D36E6
D11Ẽ1 D12Ẽ2 D13Ẽ3 D14Ẽ4 D15Ẽ5 D16Ẽ6
D21Ẽ1 D22Ẽ2 D23Ẽ3 D24Ẽ4 D25Ẽ5 D26Ẽ6
D31Ẽ1 D32Ẽ2 D33Ẽ3 D34Ẽ4 D35Ẽ5 D36Ẽ6
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0, (132)
where Eq = e
iξαqd/2 and Ẽq = e
−iξαqd/2.
Incorporating Eq. (126) in Eqs. (127), (128) and (131) yields the following sym-
metries:
Vj+1 = Vj, Wj+1 = −Wj
D1j+1 = D1j, D2j+1 = −D2j, D3j+1 = −D3j.
(133)
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Applying row-column operations to the determinant in the presence of these symme-




1 = C1 + C2,
C
new
3 = C3 + C4,
C
new
5 = C5 + C6,
C
new
2 = C1 − C2,
C
new
4 = C3 − C4,
C
new
6 = C5 − C6.
(134)
followed by row operations (Rm is the mth row):
R
new
1 = R1 −R4,
R
new
2 = R2 +R5,
R
new
3 = R3 +R6,
R
new
4 = R4 +R1,
R
new
5 = R5 −R2,
R
new
6 = R6 −R3.
(135)
to give∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 0 0 sin(γα3)D13 sin(γα1)D11 sin(γα5)D15
0 0 0 cos(γα3)D23 cos(γα1)D21 cos(γα5)D25
0 0 0 cos(γα3)D33 cos(γα1)D31 cos(γα5)D35
cos(γα1)D11 cos(γα5)D15 cos(γα3)D13 0 0 0
sin(γα1)D21 sin(γα5)D25 sin(γα3)D23 0 0 0













The determinant decouples into two separate equations,
D11G1 cot(γα1) +D13G3 cot(γα3) +D15G5 cot(γα5) = 0 (138)
for the symmetric modes and
D11G1 tan(γα1) +D13G3 tan(γα3) +D15G5 tan(γα5) = 0 (139)
for the antisymmetric modes, where
G1 = D23D35 −D33D25,
G3 = D31D25 −D21D35,
G5 = D21D33 −D31D23.
(140)
These are expressions that relate the wave velocity c to the wavelength ξ and describe
entirely the dispersive behavior of any wave as it propagates through the plate. It
is important to note that since the analysis was performed in the natural coordinate
system, the wave velocity (c) obtained is the rate at which a disturbance travels with
respect to the natural coordinates of the material points. In general the velocities
in the natural and initial coordinate system are different because of the stretching of
material as it goes from its natural to predeformed states.
5.2 SH Modes
In Chapter 1, Eqs. (22) for SH modes are decoupled from the ones for symmetric
and antisymmetric modes, which are composed of L and SV waves (Eqs. (23) and
(24)). However, when stress is applied, Eq. (136) shows that SH modes are no longer
independent and these modes will have particle displacements in x1 or x3 directions
also. However, for small stresses these modes will have displacements that are mostly
in the x2 direction. This is related to the phenomenon of birefringence of bulk waves
in the presence of stress fields and further discussion is beyond the scope of this thesis.
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5.3 Numerical Solution
Eqs. (138) and (139) are transcendental equations and several numerical consider-
ations have to be made to solve these equations to obtain dispersion curves. The
method is outlined in this section followed by some results for several different cases.
5.3.1 Method
The first step is to pick a plate wave velocity c and find the corresponding αq from
the polynomial in Eq. (125). Next, express Eq. (138) as
fs(ω, c) = D11G1(α3, α5) cot(γα1) +D13G3(α1, α5) cot(γα3) +D15G5(α1, α3) cot(γα5)
= D11H1(α1, α3, α5) +D13H3(α1, α3, α5) +D15H5(α1, α3, α5) = 0.
(141)
For real αq, all Ds, Gs and cotangent functions are real and therefore fs is real. D1q
is even in αq, D2q and D3q are odd in αq, which implies Gn(αp, αq) is odd in both αp
and αq. Since cot(γαq) is odd in αq, Hn(αp, αq, αr) is odd in all three α. For odd
functions, the Taylor series has only odd terms and this implies that for imaginary
arguments, the value of the odd functions is always imaginary. By carefully analyzing
the symmetries for all terms it can be seen that for a mixture of real and imaginary
αs, fs has a value that is purely imaginary or purely real. Next, based on the values
of α, we pick one of two root finding algorithms:
I For values of c that produce purely imaginary and real values of α:
Sweep across ω and find pairs of ω values where the value of fs changes sign
(this is not a problem since fs values at all ω for this value of c are real or all
imaginary). Each of the pairs thus obtained mark intervals in which solutions
to the equation fs = 0 are guaranteed to exist (and these intervals can be
arbitrary small). These ω, c pairs constitute points of the dispersion curves.
Any real value of α will produce infinities in the cotangent functions. Since a
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sign change occurs at an infinity, these are actually false roots that must be
accounted for by excluding pairs of ω values that correspond to multiples of
nπ in the cotangent functions. Cotangents with imaginary values of α do not
produce any infinities.
I For values of c with any complex values of α:
Ds and Gs are complex valued and therefore fs is complex valued. Sweep
across ω for pairs of ω that switch sign for both real and imaginary components
together. Also project real and imaginary components of the function value fs
on the θ = 45◦ and θ = 135◦ lines and check for sign changes in both projected
values. This finds roots that occur when the curve of fs as a function of ω is
tangential to either the real or imaginary axis. Either a sign change in both real
and imaginary components or ones in both projected values yields a interval with
a solution. In general for this case, it is possible to get false solutions but these
can be discarded later. Cotangents corresponding to complex and imaginary
values of α do not produce any infinities.
Finally, points that are nearby in the set of solutions are connected to obtain
dispersion curves. The exact same method applies to the function for antisymmetric
modes fa.
5.3.2 Dispersion Curves
The numerical method summarized above is used to generate dispersion curves for an
aluminum plate of thickness 6.35 mm with material constants given in Table 4. The
applied loads are assumed to be σ11 = 120 MPa and σ22 = 0. Figure 16 presents these
results and also demonstrates the fact that the SH modes are no longer independent
and are present as a part of Eqs. (138) and (139). The dispersion curves are presented
as solid lines against a color map of log |fs| and log |fa|.
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Figure 16: Dispersion curves generated using theory for a stressed aluminum plate
with σ11 = 120 MPa and ϕ = 45
◦ (SH0 mode not shown).
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5.3.3 Angle Dependence
To demonstrate the dependence of wave velocity on the direction of propagation, a
comparison of S1 modes about 600 kHz propagating at varying angles with respect
to the x′1 axis is presented in Figure 17(a). Material constants from Table 4 are used
with plate thickness of 6.35 mm and uniaxial stress σ11 = 120 MPa. The change
is about 80 m/s between angles of 0 and 90◦. The change in phase velocity with
angle fits well to a sin(2ϕ) curve as it does for acoustoelastic bulk waves and this is
illustrated for 600 kHz in Figure 17(b).
The magnitude of induced anisotropy varies with mode and frequency range of
interest. As a result, certain frequency regions can be very favourable for NDE/SHM
applications. This is illustrated for the low frequency A0 mode at σ11 = 600 MPa
(chosen to exaggerate anisotropy for illustration) in Figure 18. The curves corre-
sponding to different angles cross at a frequency of around 32.1 kHz. This makes it
a region of isotropic behaviour for A0 Lamb waves, even under the effects of applied
uniaxial stress. However, the phase velocity at this frequency does vary from the
velocity in the absence of applied stress.
5.3.4 Stress Dependence
To demonstrate the dependence of wave velocity on the applied load, dispersion curves
for the S1 mode about 600 kHz for an aluminum plate of thickness 6.35 mm with
material constants from Table 4 at varying applied stresses are presented in Figure
19(a). All curves are at an angle of ϕ = 45◦. The change in phase velocity is about
25 m/s for an applied stress of 120 MPa. Significantly, the variation of phase velocity
with small changes in applied load is linear as it is for acoustoelastic bulk wave
propagation and this is illustrated for a frequency of 600 kHz in Figure 19(b).
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(a) Angle dependence of dispersion curves.






























(b) Variation of phase velocity at 600 kHz to demonstrate sin(2ϕ) dependence.
Figure 17: S1 mode phase velocities using theory for a uniaxial load of σ11 = 120
MPa for an aluminum plate.
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Figure 18: A0 mode phase velocities using theory for a uniaxial load of σ11 = 600
MPa to demonstrate the mode and frequency dependence of the degree of anisotropy.
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(a) Stress dependence of dispersion curves.


























(b) Variation of phase velocity at 600 kHz to demonstrate linear dependence with
stress.
Figure 19: S1 mode phase velocities using theory at a propagation angle of ϕ = 45◦
for an aluminum plate.
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CHAPTER VI
COMPARISON AND EXPERIMENTAL VERIFICATION
6.1 EECs and Theoretical Solution
It is difficult to analytically compare results from acoustoelastic theory to the EEC
method because the dispersion relations are not in closed form and the expressions
for the constants Aijkl are complicated. This section contains numerical comparisons
for different cases.
6.1.1 Dispersion Curves
Presented in Figure 20 is a comparison of dispersion curves generated using the EEC
method (case I) with ones from theory for a uniaxial load of σ11 = 120 MPa at
ϕ = 45◦. They are in very close agreement and finer details are illustrated in the
following sections.
6.1.2 Angle Dependence
Presented in Figure 21 is a comparison of the angle dependence of S1 mode phase
velocities using the EEC method with ones from theory for a load of σ11 = 120 MPa.
Solid lines represent theory solutions while dashed lines represent EEC curves. For
this mode and range of frequencies, the EEC dispersion curves are in close agreement
with theory. There is a difference of about 1 m/s in direction of applied stress for case
I and 2 m/s for case II. However, this conclusion should not be generalized because
the deviation of EECs from theory is dependent on the mode and frequency range
under consideration. Figure 22 illustrates this for a frequency range of 980 kHz where
the deviation is higher and in the opposite direction for some of the angles. Also, the
deviation from theory is maximum at the angle of applied stress (0◦ in this example)
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Figure 20: Dispersion curves generated using EECs from case I compared against
ones from theory for σ11 = 120 MPa and ϕ = 45
◦.
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and zero perpendicular to it for both cases.
6.1.3 Stress Dependence
Presented in Figure 23 is a comparison of the stress dependence of S1 mode phase
velocities using the EEC method with ones from theory for a fixed angle of ϕ = 45◦.
Solid lines represent theory solutions while dashed lines represent EEC curves. Again,
as in the case of angle dependence, case I is in closer agreement with theory (less than
1 m/s deviation for case I). This should not be generalized and an increase in velocity
deviation at 980 kHz is illustrated in Figure 24. The deviation from theory increases
with an increase in applied load and falls to zero for zero applied load. This is to
be expected because both the EEC method and theory degenerate to the case of
Rayleigh-Lamb equations for a case of zero stress. As before, the magnitude of the
deviation from theory changes with mode and frequency range for a given value of
applied stress.
6.2 Experimental Verification
Experimental data were collected using PZT transducers bonded to an aluminum
plate subjected to uniaxial loads. These data were analyzed to obtain changes in
phase velocity as a function of both load and direction of propagation [35].
6.2.1 Experimental Data Set
Ultrasonic signals were recorded from waves propagating between pairs of piezoelectric
transducers mounted on a standard 6061 aluminum plate of thickness 6.35 mm under
varying uniaxial stresses (σ11 ̸= 0, σ22 = 0 ). The experimental setup and transducer
locations are shown in Figure 25 and the experiment parameters are listed in Table
5. Of the 45 possible transducer pair combinations, data from only 9 of them are
used. The combinations used are marked (boxed) in Table 6 along with the angles
between them. They are selected to maximize the distance between transducers pairs
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(a) Theory vs. EEC case I.




































(b) Theory vs. EEC case II.
Figure 21: Comparison of angle dependence of S1 mode for a uniaxial load of σ11 =
120 MPa. Theoretical solution is represented by solid lines while EEC solution by
dashed lines.
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Figure 22: Comparison of angle dependence of S1 mode for a uniaxial load of σ11 =
120 MPa about a frequency of 980 kHz. Theoretical solution is represented by solid
lines while EECs case I solution by dashed lines.
and provide data from all possible angles. All transducers are at a distance of 109
mm from the center of the plate (in the undeformed state). All parameters have been
selected to maximize mode separation for the S1 mode at 600 kHz and only this mode
is considered here.
6.2.2 Data Analysis





where cp is the phase velocity. An applied stress causes two effects that change the
time t for a given point. First is a change in phase velocity cp and second, a change



































































(b) Theory vs EEC case II.
Figure 23: Comparison of stress dependence of S1 mode for a uniaxial load (σ22 = 0)



































Figure 24: Comparison of stress dependence of S1 mode for a uniaxial load (σ22 = 0)
at ϕ = 45◦ about a frequency of 980 kHz. Theoretical solution is represented by solid
lines while EECs case I solution by dashed lines.
Table 5: Data acquisition parameters.
Parameter Value
Specimen 610 mm × 305 mm × 6.35 mm aluminum 6061 plate
Load 0 to 57.5 MPa with 5.75 MPa increment.
Excitation ± 10 V 5-cycle Hanning windowed cosine pulse
Excitation frequency 600 kHz
Measurement time 500 us
Sampling rate 20 MHz
Averaging 50 times
Repetition time 50 ms
Amplifier gain 40 db
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(b) Plate in the loading fixture.
Figure 25: Experimental setup.
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Table 6: Transducer pairs and angles.
No. 1 2 3 4 5 6 7 8 9 10
1 78.75 56.25 45 22.5 0 11.25 33.75 45 67.5
2 45 33.75 11.25 11.25 22.5 45 56.25 78.75
3 11.25 11.25 33.75 45 67.5 78.75 78.75
4 22.5 45 56.25 78.75 90 67.5
5 67.5 78.75 78.75 67.5 45
6 78.75 56.25 45 22.5
7 45 33.75 11.25
8 11.25 11.25
9 22.5

















where c0p and d
0 are the phase velocity and distance between the transducers in the
natural state. The change in distance is
∆d = ϵd0, (144)









For natural coordinates, ∆d is 0. Therefore for a computation of change in phase
velocity, only the time shift of arrival is needed. The time shifts are calculated by
tracking a zero-crossing in the center of the first arrival as a function of load. The
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time delays are expected to be small compared to the period of the signal to avoid
ambiguity of change in phase. Figure 26 shows the time delays at different angles and
the change in phase velocity at different angles as compared with theory. There is
fair agreement considering the uncertainty in third order elastic constants, nominal
phase velocities, and separation distances [29].
6.3 Ray tracing simulation
A ray-tracing model can be constructed to study the effects of stress on pulse prop-
agation through plates. Ray-tracing models are approximate simulations of wave-
propagation that include only far-field behaviour.
6.3.1 Design
Consider an excitation signal s(t) applied to an infinite plate at position ps. The








where S(ω) is the Fourier transform of s(t), c(ω) is the dispersion curve, the term
ω|pi − ps|/c(ω) applies a frequency dependent phase shift to the signal i.e., it effects
“dispersion” and the term
√
|pi − ps| is included because the far-field decays as the
square-root of the distance (otherwise known as geometric spreading). s(t) can be
any of the fields associated with the traveling wave. It is most convenient to think
of it as the particle velocity in a specific direction (e.g. in-plane or out of plane).
This model will then give the signal shapes and relative amplitudes of velocity at any
arbitrary point pi sufficiently far away from the source.
6.3.2 Plots
Figure 27 presents plots of a Hanning windowed pulse with parameters listed in Table
5 traveling at at an angle of 45◦ relative to the applied stress through a distance of
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(b) Phase velocity change.
Figure 26: Phase velocity change for c0p = 6029.9 m/s and σ11 = 46 MPa.
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218 mm. It compares results for zero load, the theoretical solution, EEC case I and
EEC case II for an applied uniaxial stress of σ11 = 46 MPa to match the experiment
in Section 6.2. Several inferences can be made. First, the effect of dispersion on the
no load waveform is significantly different from the others and changes in dispersion
(due to the applied stresses) to a 1st order are manifested as time shifts. This implies
that the applied stress has a significant impact that cannot be ignored for structural
health monitoring applications that use this kind of information. Second, for this
case of small applied stress and the frequency range of 600 kHz, the signal generated
using both EEC methods are in close agreement with that of theory.
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The acoustoelastic theory for Lamb waves in an isotropic plate under small, uniform,
biaxial stress fields has been developed. It was shown that the theory is similar to that
of anisotropic materials of monoclinic symmetry although the numerical computation
is more involved. The theory presents insight into the nature of wave propagation
under the influence of pre-existing stresses and as a result, coupling of SH modes
with the symmetric and antisymmetric modes. The numerical method and results
have been presented for varying angles and frequencies of several Lamb modes. An
approximate method using effective elastic constants is also developed and can be used
for numerical computation of dispersion curves using existing commercial applications
[12] without the need for new code or algorithms. The deviation of phase velocities
using the EEC method from theory is in general dependent on the mode and frequency
range in consideration and the feasibility of its use should be determined from the
sensitivity of the application to perturbation in phase velocities. NDE/SHM systems
will certainly benefit from using EECs to account for the anisotropy in absence of
the full blown theoretical solution. Experimental data shows fair agreement of the
change in phase velocity with values computed from theory. However, an accurate
comparison could not be made because of the uncertainty in determining the values
of third order elastic constants.
Lamb waves are used for nondestructive evaluation and are proposed for structural
health monitoring applications. The anisotropic effects due to pre-existing stresses
are significant and cannot be ignored in this context. The theory presented in this
dissertation can be used to augment existing NDE/SHM systems with more accurate
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information about wave speed changes. Also, it was shown that some modes are
less susceptible to the effects of stress in some frequency regions, which provides a
basis for selection of operating points in the K-ω plane for these applications. Since
the velocity is a function of the applied stresses, an inverse problem formulation
may also allow the use of this theory to detect the state of stress in a structure
from the measurement of changes in wave velocities at varying angles. High loads
tend to couple the shear modes with the symmetric and antisymmetric modes. The
implications of this phenomenon for excitability and losses due to mode conversion
are yet to be explored. Recommendations for future work also include the design of
a more accurate experiment to further validate the theoretical model.
Finally, there is scope for a more generalized theory. Preliminary investigation
suggests that this theory can be extended to materials of monoclinic symmetry under
uniform stress fields. Also, the method of EECs can be extended to biaxial stress
fields by studying the symmetry in hexagonal point groups as opposed to transversely
isotropic symmetry for uniaxial stress.
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APPENDIX A
EXPRESSIONS FOR MONOCLINIC DISPERSION
CURVES
A.1 Expressions for 6th order Polynomial in Eq. (56)
P6 = C33(C44C55 − C245)
P4 = (c
2ρ(−(C55(C33 + C44) + C33C44 − C245)) + C11C33C44 − C213C44
+ 2C13C45(C36 + C45)− 2C13C44C55 − 2C16C33C45+
C33C55C66 − C236C55)
P2 = (c
4ρ2(C33 + C44 + C55)− C11(c2ρ(C33 + C44)− C33C66 + (C36 + C45)2
− C44C55) + c2ρ(C213 + 2C13C55 − C66(C33 + C55) + (C36 + C45)2
− C44C55) + 2C16(c2C45ρ+ C13(C36 + C45) + C36C55)− C13C66(C13
+ 2C55)− C216C33)
P0 = − (C55 − c2ρ)((C11 − c2ρ)(c2ρ− C66) + C216)
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APPENDIX B
ACOUSTOELASTIC EXPRESSIONS FOR A BIAXIAL
LOAD
B.1 Expressions for Aijkl presented in Eq. (99)
A1111 =
µ(λ+ 2µ)(3λ+ 2µ) + (2λ2 + 9λµ+ 4m(λ+ µ) + 2µ(l + 3µ))σ11
µ(3λ+ 2µ)












2λµ(3λ+ 2µ) + (4lµ+ λ(2m− n+ λ+ 2µ))σ11
2µ(3λ+ 2µ)
+


















































µ(λ+ 2µ)(3λ+ 2µ)− (−2lµ+ λ(2m+ λ+ 2µ))σ11
µ(3λ+ 2µ)
+






2λµ(3λ+ 2µ) + 2((n− λ)λ+ (2l + n)µ− 2m(λ+ µ))σ11
2µ(3λ+ 2µ)
+











































2λµ(3λ+ 2µ) + (4lµ+ λ(2m− n+ λ+ 2µ))σ11
2µ(3λ+ 2µ)
+
















µ(λ+ 2µ)(3λ+ 2µ)− (−2lµ+ λ(2m+ λ+ 2µ)) (σ11 + σ22)
µ(3λ+ 2µ)
B.2 Expressions for Bijkl presented in Eq. (105)
B1111 =
2µ(λ+ 2µ)(3λ+ 2µ) + 2(2lµ+ (λ+ µ)(4m+ λ+ 2µ))σ11
2µ(3λ+ 2µ)






2λµ(3λ+ 2µ) + (2mλ− λ(n+ λ) + 4lµ)σ11
2µ(3λ+ 2µ)
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2λµ(3λ+ 2µ) + (2mλ− λ(n+ λ) + 4lµ)σ11
2µ(3λ+ 2µ)
− (λ












































2λµ(3λ+ 2µ) + (4lµ+ λ(2m− n+ 2(λ+ µ)))σ11
2µ(3λ+ 2µ)
+






2µ(λ+ 2µ)(3λ+ 2µ)− (−4lµ+ λ(4m+ λ+ 2µ))σ11
2µ(3λ+ 2µ)
+






2λµ(3λ+ 2µ)− (λ2 − 4lµ+ 4m(λ+ µ)− 2n(λ+ µ))σ11
2µ(3λ+ 2µ)
+











































2λµ(3λ+ 2µ) + (4lµ+ λ(2m− n+ 2(λ+ µ)))σ11
2µ(3λ+ 2µ)
− (λ







2λµ(3λ+ 2µ)− (λ2 − 4lµ+ 4m(λ+ µ)− 2n(λ+ µ))σ11
2µ(3λ+ 2µ)
+










EXPRESSIONS FOR DISPERSION CURVES UNDER
BIAXIAL STRESSES








1323 − 2A1133A1323A1332 − 2A1323A1331A1332 + A1313A21332
+ 2A1233(−A1323(A1133 + A1331) + A1313A1332) + A21133A2323 − A21313A2323
+ 2A1133A1331A2323 + A
2
1331A2323 − (A1212A1313 − 2A1112A1323 + A1111A2323)A3333





1233 − A1212A21313 + 2A1112A1313A1323 − 2A1112A1233A1331
+ A1212A
2
1331 + 2A1111A1233A1332 − 2A1112A1331A1332 + A1111A21332−
2A1133(−A1212A1331 + A1112(A1233 + A1332))− A1111A1313A2323 + (A21112
− A1111A1212)A3333 − c4Density2(A1313 + A2323 + A3333) + c2ρ0(−2A1112
A1323 − (A1133 + A1331)2 − (A1233 + A1332)2 + A1313(A1212 + A1313 + A2323)
+ A1212A3333 + A1111(A2323 + A3333)))
P0 = (−A21112 + (c2ρ0 − A1111)(c2Density− A1212))(c2ρ0 − A1313)
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